We studied the field dependencies of specific heat coefficient γ(H) = lim T →0 C(T, H)/T and thermal conductivity coefficient lim T →0 κ(T, H)/T of the ±s-wave state in the mixed state. We found that it is a generic feature of the two band s-wave state with the unequal sizes of gaps, small ∆ S and large ∆ L , that Doppler shift of the quasiparticle excitations (Volovik effect) creates a finite density of states, on the extended states outside of vortex cores, proportional to H in contrast to the √ H dependence of the d-wave state. Impurity scattering effect on the ±s-wave state, however, makes this generic H-linear dependence sublinear approaching to the √ H behavior. Our calculations of lim T →0 κ(T, H)/T successfully fit the experimental data of Ba(Fe 1−x Co x ) 2 As 2 with different Co-doping x by systematically varying the gap size ratio R = |∆ S |/|∆ L |. We also resolve the dilemma of a substantial value of γ(H → 0) but almost zero value of lim T →0 κ(T, H → 0)/T , observed in experiments.
Introduction: As to the pairing symmetry of the recently discovered Fe-pnictide superconductors (SC) [1] , the ±s-wave state [2, 3] is considered as the most natural and promising pairing state. Genuinely being an s-wave gap state, this model is expected to provide exponentially activated behaviors of various thermodynamic and transport properties due to full gap(s) around Fermi surface(s) (FS) in the superconducting phase. Angle resolved photoemission spectroscopy (ARPES) experiments [4] and early measurements of penetration depth of M-1111 (M=Pr, Nd, Sm) [5] and (Ba,K)Fe 2 As 2 [6] confirmed this expectation. However, some power laws of temperature dependence measured, for example, with the nuclear spin-lattice relaxation rate T −1 1 ∼ T 3 [7] as well as the penetration depth λ(T ) ∼ T 2−2.5 on Ba(Fe,Co) 2 As 2 [8] were not consistent with this simple picture. But these power law dependencies were successfully explained theoretically with the ±s-wave pairing state by the sign-changing feature of the order parameter (OP) and the related noble impurity effect [9, 10] and hence strengthened the status of the ±s-wave state as the pairing symmetry of Fe-pnictide superconductors.
However, recent measurements of specific heat coefficient γ(H) = C(H)/T and thermal conductivity coefficient κ(H)/T in the mixed state and their field dependencies are posing a new challenge to the ±s-wave pairing model. Several measurements of specific heat coefficient showed a strong field dependence: Ba 0.6 K 0.4 Fe 2 As 2 [11] (∝ H), (Fe 0.92 Co 0.08 ) 2 As 2 [12] (sublinear in H), and LaO 0.9 F 0.1−δ FeAs [13] (∝ √ H). And thermal conductivity measured on Co-doped Ba-122 [14] and K-doped Ba-122 [15] also showed various field dependencies. In particular, Tanatar et al. [14] measured κ(H)/T of Ba(Fe 1−x Co x ) 2 As 2 for several values of x and found that the field dependence of κ(H)/T continuously evolves from exponentially flat, near linear in H, and to near √ H behavior with increasing Co doping x.
Another puzzling observation is that, while the zero field limit of γ(H = 0)/γ normal in several experiments [11] [12] [13] showed a substantial values, the zero field limit of κ(H = 0)/T [14, 15] of the same compounds with similar dopings approaches to negligibly small value. It implies that there exist a large amount of zero energy excitations but they do not contribute to thermal conductivity. Neither a nodal gap state nor a simple isotropic s-wave gap state can be easily compatible with these observations.
In this paper, we study the field dependence of the specific heat and thermal conductivity coefficients of the ±s-wave model in the mixed state using a semiclassical approximation which causes Doppler shift of quasiparticle excitations outside of vortex cores (so-called "Volovik effect" [16] ). Recently, Mishra et al. [17] studied the field dependence of thermal conductivity on the isotropic ±s-wave model with equal size gaps using a different method [18] and concluded that this model is incompatible with the experiments [14, 15] . Their result agrees with ours in that particular case. In the current paper, however, we show that it is essential to take into account the unequal sizes of gaps in the ±s-wave model. This feature is not only more realistic but also introduces genuinely new physics to explain experimental data. We found that the unequal size of two isotropic s-wave gaps causes the field dependencies of κ(H)/T as well as γ(H) to be linear in H at the low field regime.
This generic H-linear dependence in the ±s-wave model is in contrast to the √ H dependence in the d-wave state [16] although both are due to Doppler shift effect on the extended states outside of vortex cores -it should also be contrasted to the H-linear contribution to specific heat from the core bound states in a single s-wave state [19] that cannot contribute to thermal conductivity. We then show that the impurity scattering, combined with Volovik effect, make the generic H-linear dependence gradually modified to become sublinear and to approach to the √ H dependence. Formalism: For the generic two band model of the ±s-wave pairing state, we assume two isotropic s-wave order parameters (OPs) ∆ S and ∆ L of opposite signs on the two representative bands of the Fe pnictide materials. ∆ S and ∆ L represent a smaller and a larger size gap on the corresponding bands, respectively. All energy units in this paper is normalized by
We use the semiclassical approximation where the vector field term in Hamiltonian e c A(r) · k is replaced by the circulating superflow velocity as v s (r) · k that causes Doppler shifting of the quasiparticle excitations. The validity of this method is discussed in length in Ref. [17] and it is a reliable approximation from the low to intermediate field regime but could be questionable approaching H c2 . Our results, therefore, should be viewed with reservation at the high field regime where a better method [18] should be applied in principle.
The single-particle Green's function of band a(= S, L) in Nambu matrix form including Doppler shift of the quasiparticle excitations is a function of r the distance from the vortex core in addition to the usual momentum k and frequency ω as follows [16] .
where τ i are Pauli matrices and ξ a (k) is the quasiparticle energy of band a. From the above Green's function we obtain the local density of states (DOS) of each band as 
Above Eq.(3) holds as far as ∆ S < ∆ L and shows that Volovik effect immediately create a finite DOS with the isotropic ±s-wave state and there is no threshold value of magnetic field H * to collapse the small gap ∆ S . Its generic field dependence is linear in H and its slope is proportional to ≈ (
We will show later with numerical calculations that impurity scattering will smoothen this generic linear-in-H field dependence and make it more sublinear and closer to ∝ √ H. Therefore the impurity effect is important to understand experiments.
The impurity scattering is included by the T -matrix method, suitably generalized for the ±s-wave pairing model [10] . And impurity induced selfenergies renormalize the frequencies and OPs as ω →ω = ω+Σ 0
; n imp the impurity concentration and
L is the total DOS. The T -matrices T 0,1 are the Pauli matrices τ 0,1 components in the Nambu space. We refer readers to Ref. [10] for more details and it is straightforward to incorporate the local Green's function Eq. (1) with Doppler shifting into the T -matrix method.
After calculating the averagedN a (ω, H) for all frequencies, specific heat is calculated as
Similarly, thermal conductivity is calculated with [20] 
Numerical results and discussions:
Since we consider two band model, total specific heat and thermal conductivity are the sum of two contributions from each band. In order to determine the precise contributions, we need to know the normal state DOSs N 0 S,L as well as Fermi velocity v F(S,L) of each band. However, in all numerical calculations in this paper, the large gap band is almost gapped even with a finite amount of impurity concentration so that its contribution to specific heat and thermal conductivity are very small compared to the contribution from the small gap band. Therefore it is not very meaningful to determine the precise weighting of each band and we simply put equal weighting to each band for convenient illustrations. For the field dependence of the OPs, we use a phenomenological formula
In Fig.1 , we show numerical calculations of a pure case (Γ/∆ 0 L = 0.001) with a typical gap size ratio |∆ 0 S /∆ 0 L | = 0.3. Figures 1(a) and (b) show the magnetic unit cell averaged DOSsN S,L (ω, H) of the small and large gap bands, respectively, as a function of magnetic field H. As expected, the small gap DOSN S (ω, H) immediately starts collapsing with field and reaches a constant value N small S at ω = 0 for H > 0.1H c2 (see Fig.1(c) ) while the larger gap DOSN L (ω, H) remains gapped until H → H c2 . However, the gapped region inN L (ω, H) in frequency axis become extremely narrow with increasing field which will affect specific heat coefficient at high fields (see Fig.1(d)) ). Fig.1(c) shows normalized Fig.1(d) shows normalized specific heat coefficients γ S,L,tot (H), respectively. Some difference between N L (0, H) and γ L (H) at the high field region is due to the finite temperature (we used T /∆ 0 L = 1/50 to calculate the T → 0 limit in this paper) and very narrowly gappedN L (ω, H) at the high field region as seen in Fig.1(b) .
In Fig.2(a) and (b), we show calculations of total thermal conductivity and specific heat coefficients with varying gap size ratio |∆ (c = 0) of impurity scattering produce qualitatively similar behaviors. Fig.2(a) shows normalized total transverse thermal conductivity
Only the transverse κ ⊥ /T (where the external field is applied as H c and the thermal current is measured in the plane as j th ab) are shown because those are the measured thermal current in most of experimental settings [14, 15] . The longitudinal thermal conductivity coefficient κ /T (where j th c) behaves a bit more concave, in particular at the low field regime, because it corresponds to a parallel circuit of resistors while the transverse one corresponds to a series circuit. At the higher field regime they become indistinguishably similar to each other.
The main feature of the results in Fig.2(a) is the systematic evolution of the slope of κ ⊥ (H)/T at the low field limit. For a large gap size ratio of |∆ 0 S /∆ 0 L | = 0.9, lim H→0 κ ⊥ (H)/T becomes exponentially flat similar to the behavior of a single gap isotropic s-wave state. Then with decreasing gap size ratio of |∆ 0 S /∆ 0 L |, the low field slope quickly increases and the overall H dependence of κ ⊥ (H)/T becomes concave down and close to the
2. This concavity can be made even stronger with decreasing the gap size ratio |∆ 0 S /∆ 0 L | and increasing impurity concentration Γ.
Another important feature is that the values of κ ⊥ (H)/T (also κ (H)/T although not shown here) in the zero field limit are negligibly small for all cases despite substantial impurity scattering; this is even true with the |∆ 0 S /∆ 0 L | = 0.2 case which shows the behavior ≈ √ H as in the d-wave case. In fact, these extremely small values of the thermal conductivity coefficient κ ⊥ (H)/T in the zero field limit was argued as an evidence of an isotropic s-wave gap nature [14] . However, it is a very puzzling feature when we note that the several experiments [11] [12] [13] observed substantial values of the specific heat coefficients γ(H → 0) with the same compounds with similar dopings. Surprisingly, these seemingly conflicting behaviors are also obtained in our theoretical calculations. In Fig.2(b) , the normalized specific heat coefficient γ(H → 0)/γ tot,N , with the same parameters as in Fig.2(a) , show substantial values in the zero field limit (0.5γ tot,N is the full value of the small gap band contribution).
It is a common knowledge that the DOS near Fermi level similarly contributes to both specific heat and thermal conductivity. However, the discrepancy between γ(H → 0) and κ(H → 0)/T is possible due to the coherence factor of superconductivity. The kernel of thermal conductivity (see Eq. (6)), being an energy current-energy current correlation function, has a destructive coherence factor ("−" sign in the numerator of the last term in Eq. (6)) and the specific heat does not have such coherence factor. In the case of d-wave pairing, the same coherence factor becomes very weak in the low energy limit because the nodal gap ∆ D (θ) linearly disappears, so that γ(H → 0) and κ(H → 0)/T behave similarly.
As to the field dependence of γ(H), with a relatively large gap size ratio, such as |∆ 0 S /∆ 0 L | = 0.7 and 0.9, γ(H) is very linear in H for a substantial region of fields (up to ≈ H c2 /2) despite a finite γ(H → 0). Decreasing the gap size ratio to [21] and NbSe 2 [22] . The sign-changing feature of the ±s-wave state is not a primary source of the field dependence of γ(H) and κ(H)/T but plays an important role through impurity scattering. The impurity scattering effect with sign-changing OPs [10] efficiently accumulate zero energy impurity band near Fermi level and reflects it to γ(H → 0) (see Fig.2(b) ) and makes the field dependence of κ(H)/T and γ(H) more concave down and smoothly curved.
Having found substantial contribution of low energy excitations from extended state outside of the vortex cores, we justified the ignoring of the core region contribution a posteriori. We compare the numerical calculations to the thermal conductivity measurement [14] of Ba(Fe 1−x Co x ) 2 As 2 and showed that the systematic evolution of the thermal conductivity coefficient κ(H)/T with Co-doping x is well explained by changing the gap size ratio |∆ 0 S /∆ 0 L | in our theoretical calculations, which is also consistent with the Fermi surface evolution in Ba(Fe 1−x Co x ) 2 As 2 with electron doping by Co in the rigid band picture. We also showed that the conflicting behaviors between γ(H) and κ(H)/T in the H → 0 limit is a natural consequence of the superconducting coherence factor of thermal conductivity kernel. In summary, the ±s-wave state with isotropic s-wave gaps of unequal sizes can consistently explain the field dependence of γ(H) [11] [12] [13] and κ(H)/T observed in Co-doped Ba-122 [14] and K-doped Ba-122 [15] .
